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Abstract

In this paper, the Single-shooting method is applied to design a coplanar orbital transfer
trajectory for an artificial Earth satellite. The satellite moves in a central force field, taking into
account the central body (the Earth) oblateness (J2 zonal coefficient). During transfer trajectory
computation, the state vector is propagated numerically, and a state transition matrix is used to
determine how small disturbances in the initial velocity vector affect the final position vector. For this
purpose, the so-called Hohmann coplanar transfer (altitude change) is used as a validation case. The
numerical results are presented graphically and discussed thoroughly.

Introduction

The single shooting method is a numerical approach to solving boundary
value problems (BVPs) for ordinary differential equations (ODEs). The method
essentially reduces the boundary value problem to a system of ODEs with initial
conditions (initial value problem — IVP) that is easier to solve.

The single shooting method is relatively easy to implement. The method
works well with problems that are less sensitive to initial conditions, yet difficulties
are expected in solving stiff problems, such as divergence or instability during
iterations.

Coplanar manoeuvres such as Hohmann, bi-polar, and one-tangent burns
have already been thoroughly investigated and formulae developed in many
textbooks in Astrodynamics, such as Vallado [1], to name but a few. In particular,
Hohmann orbit transfer analysis concerning national security issues has been
carried out by Marinov in paper [2].

The current study presents a numerical implementation of the single-
shooting method to perform a co-planar Hohmann orbital transfer. Rather than
conducting theoretical research, the current study focuses on the numerical
algorithm stages to bring the problem to successful completion.
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Governing equations

A solution to the following IVP describes a satellite motion in a central
gravitational field (two-body problem) expressed in Earth-centred inertial (ECI)
reference frame:

(1) X = r _ 03 Lallr r=||rllz=m
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where two potential functions U and Uy, taking into account the second zonal
harmonic coefficient J2 = 1.08262668E-3, are defined as follows. The Earth is
regarded as a potential well, hence the negative sign.
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The inclusion of J2 accounts for the Earth's deviation from perfect
sphericity due to the equatorial bulge. The J2 perturbation, in turn, affects the right
ascension of the ascending node Q (line of nodes precession) and the argument of
perigee o.

The gradient of the potential function VUJ2 was computed symbolically by
the SymPy package implemented in GNU Octave. For example, the partial
derivative 0U3,/0x was reported as shown in Fig. 1.

Command Window F X
>> pkg load symbolic ~
>> 3yms X y z r U J2 RE mu

>> r = sqrt(x"2 + y*2 + z"2);

>> U = -mu/r*J2* (RE/r) "2* (3/2* (z/r)"2 - 1/2);

>> dudx = diff (U, x)
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Fig. 1. SymPy exemplary session
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After computing gradients VU and VUj;, and replacing them in (1), the
following formulae for acceleration vector dv/dt components are obtained:

ool oo

(3) a :_ax

ot da e [o(

This constitutes a system of 6 first-order ODEs in terms of the state vector x.

The state transition matrix ®(t,tp) is a fundamental term in a linearised
celestial mechanics problem. It is used to propagate small deviations in the initial
state (a.k.a. differential correction). In the case of non-linear equations

@ x(t)="f(xt)
the perturbed state 6x(t) might be derived from initial deviation 6x(t;) as follows
G ox(t)=0(t,t))ox(t))

Equation (5) is required to compute small deviations 8V, necessary to
diminish deviation from the desired position 6r;

or| ||®,(tt) @, (tt)|]or
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The immobility constraint implies 6r, = 0. If the final velocity deviation dv; is left
unconstrained, then the initial velocity is amended in accordance with the formula

-1
(M) OV, =D,(t,t,) or,

Besides the state vector X, the state transition matrix @ is propagated too.
The initial conditions x(t;) can be adapted to obtain a numerical solution x1(t1)

near the desired values Xq4(t;). Hence, a humerical solution to the following VP of
36 first-order ODEs is sought in addition.

®  D(tt)=A(t)D(tLt) D(t,t,)=1

where the block matrix A is
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Partial derivatives oa(X,t)/or are obtained as excessively large by SymPy
even after applying simplification. This is the reason why the following formulae
derived in thesis [3] have been adopted instead:
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The single-shooting method is depicted schematically in Fig. 2. Given
certain initial conditions x(t0), the propagated vector x(t1) differs from the desired
value x4(t;) by some error 6x(t;). The error is then backpropagated (6) to work out
the initial vector value necessary for achieving the desired outcome. In most cases,
it only takes a few iterations to succeed. The process is repeated until the Euclidean
norm of the absolute error vector ||ox(ty)|l. becomes sufficiently small. Alternative
definitions of residual are also acceptable.

238



x(to) = [ro, vol” Xa(t1) = [rg, va]”

x(t1) = [ry, v4]"

Y
&x(ty) = [6r, 6v]T

Fig. 2. The single shooting formalism

Initial conditions
Xo=[ro, U], Po =1

Update initial velocity Propagate within At
vy += vy X =FX, b=A®

Calculate new velocity Compute error
oyg = (DT-V715T1 or|= rd(tl) = l'(t-l)

/ vy converged )

Fig. 3. Computational steps taken by the single shooting method, [4]
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The single shooting algorithm is depicted in Fig. 3 as a flowchart adopted
from Ref. [4]. To start with, initial values (ECI reference frame) are assigned to the
state vector whilst the state transition matrix is initialised with identity one. Both
the state vector and the state transition matrix are propagated, and the final position
is compared to the desired one. In case of a large difference, the initial velocity is
updated according to formula (7). The transfer trajectory is propagated until the
error vector r; becomes sufficiently small.

The desired position is computed by altering the flight altitude, which is
essentially a manoeuvre confined within the orbital plane. It suggests the position
vector r(ty) is simply enlarged, for example, by a factor 2Rg

1y (a)=ﬁ2%

Two transfer trajectories with two bursts are computed: the first burst
deviates from the initial orbit, and the second burst fine-tunes what is expected to
be a final orbit.

The GNU Octave function ode45 is used in the current project to propagate
both the state vector and the state transition matrix. The function implements the
explicit Dormand-Prince method of order 4, [5]. It is only capable of solving
(systems of non-stiff) first-order ODE(s), which is yet another reason why the
governing equations (1) are written in vector form.

Results

Consider the following osculating Keplerian elements as initial conditions:

e Semi-major axis a==8639 km

e Eccentricity e =0.1869

e Inclination i =34.28 deg
e Argument of perigee ® = 331.9 deg
¢ Right ascension of the ascending node Q =348.7 deg
e Mean anomaly M =19.22 deg

Before commencing iterations, these elements must be converted to
position and velocity vectors in the ECI reference frame. An excellent tutorial on
conversions between [r, v]" ECI vector and Keplerian elements might be found in
link [6]. The resulting initial ECI vector x, = [ro, Vo]" at epoch 0 is (units are km
and km/s) x, = [7021, —1393, 5.459, 1.890, 6.409, 4.537]"
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Fig. 4. Numerical results

In Fig. 4, the initial orbit, two transfer trajectories, and final orbit are
depicted next to kinetic, potential, and total energy graphs. The total energy
remains constant along each orbital segment as expected. Shaded regions (green
and orange) make it easier for the reader to discern two consecutive transfer
trajectories in the graphs. The potential energy is always negative, for the reference
altitude has been chosen at infinity.

In the current case study, the norm 2 of the absolute error approaches zero
rapidly. It takes the algorithm only five iterations to converge, as shown in Fig 5.
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Fig. 5. Numerical solution convergence
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Conclusion

The presented implementation of the Single Shooting Method is a
prerequisite for performing more complex manoeuvres, including noncoplanar ones.
In addition, the developed source code in GNU Octave might be used as a testbed for
further project improvement. The code might be downloaded from link [7].

Multiple shooting and Finite differences are alternatives to the Single shooting
method. These methods distribute nonlinearities and improve numerical stability.
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OPBUTAJIEH PABHUHEH TPAHC®EP KATO T PAHUYHA 3A/IAYA
K. Memooues

Pe3rome

B HacTosmata cratus € JIEMOHCTpUpaH ,,MeToabT Ha cTpeidara™ 3a
MIPOEKTHpaHEe HAa NMPEXOJAHU PAaBHUHHM TPACKTOPUHM Ha ABMKEHUE HAa W3KYCTBEH
CIBTHUK Ha 3eMsTa. COBTHUKBT C€ JIBUXKH B IIEHTPAJIHO CHJIOBO IIOJIE C OTUYMUTAHE
Ha CIUIECHATOCTTA Ha LEHTPAIHOTO TsuI0 (30HaneH koeduimeHt J2). ITo Bpeme Ha
InpeCMATAaHE Ha IpeXoaHaTa TPAaCKTOpUsA CE€ H3YUCIIABAT KAKTO BCKTOpA, TakKa U
MpexoAHaTa MaTpula Ha ChCTOSHHUETO, 3a J1a ce pa3depe Kak MaJIku CMYILEHHS B
HavajHaTa CKOPOCT OTKJIOHSBAT KpaiHaTa TOYKAa Ha TPAeKTOpHsTA. 3a Ta3u el
T. Hap. ,,I'panchep Ha Xoxman“ (mpomsiHa Ha BHCOYMHATA) € M3MOJI3BaH 3a
Banuianus. YucineHuTe pe3ynaTaTH ca NpeAcTaBeHd IpaduuHO U 0OCHIEHH
M34YEpIaTENHO.
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