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Abstract

We continue the series of papers, devoted to the investigation and simplification of
the dynamical equation, governing the structure of the stationary elliptical accretion discs.
These studies are in the frameworks, specified according to the model of Lyubarskij et al.
[7]. In addition to the previous examinations, we find one more linear relation between the
coefficients of this second order ordinary differential equation, which enables us to
eliminate effectively at least four of them. This is in the course of our approach to reduce
the number of these functions, depending on the eccentricity, its derivative and the power n
in the viscosity law y = B X ". They appear in the equation during the process of averaging
(i.e. integrating) over the azimuthal angle of the elliptical orbits. At the present stage of the
investigations, there still remain three integrals of the indicated type. Except the case of
integer values of n, their analytical solutions are not known. In connection with the linear
dependence or independence of these functions (this is a subject of our future studies), the
dynamical equation of the elliptical accretion discs may be split into a system of
corresponding number of more simple equations about the unknown eccentricities of the
particle orbits. Such an approach is in accordance with our base line, carried out through
the referred series of papers, to make a progress, as much as possible, into the solving of
the task by means of purely analytical methods. And only when the further advance in this
way (if the final solution is not already attained) is so complicated, that it is impasse, to use
numerical simulations.
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1. Introduction

There are numerous observational examples of accretion discs,
orbiting around one of the components in a binary stellar system. The
observational evidences, proving the existence of such astronomical objects,
are based mainly on the accretion processes on to the compact object,
located at the center of the disc. It may happen that the supply of mass to the
central object can vary for different physical and geometrical reasons. This
1s possible to occur during the state transitions of the accretion flow or due
to the variable interactions in the eccentric binary system. Such an activity,
in principle, is a subject of damping by the viscosity of the disc matter. The
mass supply on to the primary star (black hole, neutron star, white dwarf) is,
in the end, determined by the mass supply at the outer disc edge. The
authors of the investigation [1] compare this physical process for two
accretion disc models: such as with finite and with infinite sizes. They find
significant differences between these two cases. Namely, the infinite disc
solution overestimates the viscous damping. They conclude that, generally
speaking, the damping becomes very strong when the viscous time at the
outer edge of the disc turns longer than the modulation time scale [1]. We
consider the above example, in order to underline how important may be the
right evaluation even of a single parameter, when we describe the accretion
flow events.

The variations of the properties of the accretion discs are subject not
only to internal changes of their parameters, but also as consequences of
external influences on the stellar system. The interactions between a “star +
accretion disc” system and another star will perturb the disc, possibly
resulting in significant modifications of the disc structure and its physical
properties. It is suggested that such encounters are capable to trigger
fragmentation of the disc, to form brown dwarfs or gas giant planets [2]. In
the later paper are simulated star-star encounters, where the primary star has
a self-gravitating, marginally stable protostellar disc, and the secondary star
has not disc. The results of this investigation of the variations of the disc
structure and its dynamics may be summarized in the following way. The
stellar encounter is to prohibit the fragmentation, because compressive and
shock heating stabilizes the disc and the radiative cooling is insufficient to
trigger the gravitational instability. The conclusions from these simulations
[2] show, that the encounter strips the outer regions of the disc. This can be
realized either by tidal tails or by a capture of matter to form a disc around
the secondary star. As a final result, the interaction triggers a readjustment if
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the initially existing primary accretion disc turns to such with a steeper
surface density profile. We conclude from such studies, that accretion discs
have not only good possibilities to survive the encounters with the other
stars, but also to preserve their relatively smooth spatial distribution of
different physical parameters, characterizing the global accretion flow. It is
worthy to note, that the fractal concepts have recently been introduced in
the accretion disc theory as a new feature. As pointed out by Roy & Ray [3],
due to the fractal nature of the flow, its continuity condition undergoes
modifications. They show (through completely analytical solutions of the
equilibrium point conditions), that their results give indications, that the
fractal properties enable the flow to behave like an effective continuum of
lesser density. The mass accretion rate exhibits a fractal scaling behavior,
and the entire fractal accretion disc is stable under linearized dynamic
perturbations.

As we know, the accretion discs in the binary stellar systems are
frequently occurred objects and naturally arises the question about the
relation of the shape of the disc and the eccentricity of the binary orbit.
Marzari et al. [4] study the evolution of circumstellar massive discs around
the primary star of a binary system. Especially, they concentrate on the
computation of the disc eccentricity and its dependence on the binary orbit
eccentricity. The conclusions are that the self-gravitation of the massive
discs leads to discs that have (on average) low eccentricity. They establish
that the orientation of the disc, computed with the standard dynamical
method, always librates, instead of circulating as in the simulations without
self-gravitation. The simulations show that the accretion disc eccentricity
decreases with the binary eccentricity. This result is found also in models
without self-gravitation. Generally speaking, the investigation [4] is in
agreement with the statement that the disc self-gravitation appears to be an
important factor in determining the evolution of the massive accretion discs
in the binary systems. One additional complicating factor, which possibly
affects the shape of the accretion flow, is its orientation with respect to the
spin axis of the central body. Modelling of the overall shape of an accretion
disc in a semidetached binary system is performed, for example, in the paper
of Martin et al. [5]. In this investigation, the mass is transferred on to a
spinning black hole, which spin axis is misaligned with the orbital rotation
axis of the binary. It is assumed that the accretion disc around the black hole
is in a steady state. It turns out, that its outer regions are subject to
differential precession, caused by the tidal torques of the companion star.
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The later tend to align the outer parts of the disc with the orbital plane. But
the inner regions of the disc are subject to differential precession caused by
the general relativity action (Lense-Thirring effect). Such an influence tends
to align the rotation of the inner parts of the accretion disc with the spin of
the black hole. There are many other examples, both theoretical and
observational, illustrating that the disc midplane may be inclined relative to
the binary orbital plane. Under suitable physical conditions, similar
geometrical configuration is expected to induce warping and rigid body
precession of the disc. Fragner & Nelson [6] find that thick discs (with
aspect ratio = 0.5 and low viscosity parameter a) precess as rigid bodies
with very little warping or twisting. They are observed to align with the
binary orbital plane on the viscous evolution time. On the other hand,
thinner discs with higher viscosity, in which warp communication is less
efficient, develop significant twists, before to achieve a state of rigid body
precession. Under the most extreme conditions considered in [6] (with
aspect ratio = 0.01; a = 0.1 and a = 0.005), it is established that the accretion
discs can become broken or disrupted by the strong differential precession.
Discs that become highly twisted are observed to align with the binary
orbital plane on time scales much shorter than the viscous time scale and,
possibly, on the precession time [6]. These examples, concerning the
complicated internal and external interactions in the accretion flows,
demonstrate some of the difficulties, which may occur, when the shape of
the disc must be established in a quantitative manner. In the present paper,
we investigate a particular accretion disc model, having an elliptical shape.
The trajectories of the disc particles are assumed ad hoc to be ellipses,
sharing a common longitude of periastron. More precisely, the dynamical
equation, with which we shall deal, describes and governs the structure of
the disc in the model developed by Lyubarskij et al. [7], and which
generalizes the standard a-disc model of Shakura & Sunyaev [8]. These two
papers do not involve in their considerations strongly magnetized accretion
flows. Taking into account such a circumstance, it is a matter of interest to
mention the recent study of Murphy et al. [9], devoted to the /arge-scale
magnetic fields in the viscous resistive accretion discs. According to the
theory of the winds from cold steady-state discs, having near Keplerian
velocity field, there is a necessity for a large-scale magnetic field at near
equipartition strength to present. However, as mentioned in [9], this required
minimum magnetization (for these disc models) has never been tested with
time dependent simulations. In order to eliminate this omission, Murphy et
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al. [9] investigate the time evolution of a Shakura-Sunyaev accretion disc
[8], threaded by a weak magnetic field. Its strength is such that the disc
magnetization falls off rapidly with the radius. The results lead to the
conclusion that the large-scale magnetic field introduces only a small
perturbation to the disc structure and the accretion remains driven by the
dominant viscous torque. However, their numerical simulations reveal that a
superfast magnetosonic jet is observed to be launched from the innermost
regions of the disc and continues to be a stationary event for a long time.
The main conclusions, following from these numerical simulations, are that
the astrophysical discs with superheated surface layers could drive
analogous outflows, even if their midplane magnetization is low. In order
the accretion process to proceed, the turbulent viscosity must extract a
sufficient angular momentum. The authors of the investigation [9] conclude
that the magnetized outflows are no more than byproduct, rather than a
fundamental driver of the accretion. Nevertheless, if the midplane
magnetization increases towards the center of the accretion disc, a natural
transition to an inner jet-dominated disc could eventually be achieved. We
shall pick out a little more attention to the important process of the angular
momentum transfer in the accretion flows.

2. Mechanisms of angular momentum transport

It is believed that the microphysical viscosity is too small to produce
the observed protoplanetary accretion disc lifetimes. Instead of that, it is
suggested a new approach, based on the turbulent transport. In the later case,
the turbulent motion takes the place of thermal motion. Though the source
of such turbulence remains a matter of discussion, this process can provide
the correct order of magnitude of the observed accretion rates in these
objects for reasonable surface densities [10]. It may happen that the main
accretion mechanism is not the turbulent viscosity, as can be seen in the
situation with the magnetorotational instability. According to the numerical
simulations performed in [10], the requirement for energy conservation is a
significant constraint on the accretion driving processes, such as the
magnetorotational instability. The mechanism of angular momentum
transport in accretion discs is debated for a long time. In this stream of
investigations, it should be noted that although the magnetorotational
instability appears to be a promising explanation of the accretion events, in
the poorly ionized regions of accretion discs there may not be favorable
conditions for this instability to operate. In the research [11] is revisited the
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possibility of transporting angular momentum by thermal convection. There
is shown that strongly turbulent convection can drive outward angular
momentum transport at a rate that is (under certain conditions) compatible
with the observed rate in the discs. The results of Lesur & Ogilvie [11] are
indicative that convection might be another way to explain global disc
evolution. Such a scenario will be realistic provided that a sufficiently
unstable vertical temperature profile can be maintained.

Another recent research, devoted to the role of magnetic field in the
angular momentum transport, is performed in the paper [12]. The physical
situation (advection-dominated accretion flow with a toroidal magnetic
field) and the geometric configuration (quasi-spherical accretion flow) are
much different in comparison with the standard disc model of Shakura &
Sunyaev [8], and also from the model Lyubarskij et al. [7]. Nevertheless, it
1s worthy to note, that the conclusions in [12] may have, to some extent, a
reference to the former two models. In the research of Khesali & Faghei
[12] it is assumed that (like in [7] and [8]), the angular momentum transport
is due to the viscous turbulence and the a-prescription is used for the
kinematic coefficient of viscosity. In this paper [12], a self-similar solution
is used, in order to solve the equations that govern the dynamical behaviour
of the accretion flow. According to the conclusions of Khesali & Faghei
[12], their solution provides some insights into the dynamics of quasi-
spherical accretion flows and avoids many of the strictures of steady self-
similar solutions. The results in [12] show that the behaviour of the physical
quantities in a dynamical advection-dominated accretion flow is different
from that for a steady accretion flow or a disc using a polytropic approach.
This model also implies that the flow has a differential rotation that is a sub-
Keplerian at small radii and super-Keplerian at large radii. Such different
results are also obtained if a polytropic accretion flow is used. Also, the
behaviour of the advection-dominated flows in the presence of a large
toroidal magnetic field implies that different results are obtained using
steady-state self-similar models in contrast to the dynamical case. The
above remarks have to be referred/related (in some conditional and
restricted sense) to the steady-state case of the model of Lyubarskij et al.
[7], which dynamical equation we are going to simplify further in the
present paper. The same note is also significant in view of the fact that the
classical models [7] and [8] do not involve considerations of large-scale
magnetic fields. Restricting our attention only to the particular case of
steady-state elliptical accretion discs with orbits sharing a common

38



longitude of periastron, we shall preliminary eliminate from our treatment
the more unusual so called “mini-discs”. It is believed that they arise due to
the accretion on to black holes in wind-fed binaries and collapsars.
Formation of such small rotating discs is combined with some peculiar
properties. They accrete on the free-fall time-scale, without the help of the
viscosity, and, nevertheless, they can have a high radiative efficiency [13].
We shall not, of course, apply our results to these inviscid “mini-discs”. In
principle, in the nature may exist even more “exotic” accretion discs. As
pointed out by Zhang et al. [14], the temperature of the hot accretion flows
around black holes is sufficiently high for the ignition of nuclear reactions.
In the usual studies of the hot accretion flows, the viscous dissipation is
considered as the only heating mechanism. In the same time, the heating
caused by nuclear reactions is not considered at all. The calculations of
Zhang et al. [14] indicate that the energy generation rate of nuclear reactions
is at most one per cent of the viscous heating. Consequently, they are rather
not important and the dynamics of the accretion flow can be calculated in
the usual way, without the need to consider the heating due to the nuclear
reactions.

3. Definitions and notations

With a view to be more explicit in our further exposition, we shall
rewrite briefly some of the definitions and notations introduced and used in
our earlier papers, dealing with the same problem. For more detailed
descriptions and comments on this theme, the reader is directed to the paper
([15], section 2) and the references therein. We introduce the independent
variable u© = In p, where p is the focal parameter of the ellipse,
approximating the orbit of the considered disc particle. The eccentricity of
the ellipse is denoted by e = e(u), understanding that the orbits of the
particles, belonging to different regions of the accretion disc, may, generally
speaking, have different shapes/elongations. Further we use the notation ¢ =
é(u) = de(u)/du = deld(In p) for the ordinary derivative of the eccentricity
e(u). We shall consider the viscosity law n = f X", with # — viscosity
parameter, S is a constant, 2 is the surface density of the accretion disc. The
power n is assumed to be a constant for every examined case. In paper [15]
are established several linear relations between the following integrals,
obtained after the averaging over the azimuthal angle ¢:
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(1) loleen)= 0,[(1 +ecosp)" [1 + (e - é)cosp] " Vdyp ,
2n

(2) Io+(€,é,n) = 6[(1 + eCOS(D) ”72[1 + (e _ é)COS(D] -(n+2) dgo ,

2n
3) Ij(e,e,n) = {(cosgo)j(l +ecosp)" 1+ (e - &)cosp] " Vdp; j=0,

1,2,3,4.

In the earlier paper [15], we have shown how the integrals I4(e,é,n),
Ix(e,é,n) and Ii(e,é,n) can be expressed through linear relations of the
integrals Iy(e,é,n), Ip-(e,é,n), and Ip+(e,é,n). Our present aim is to extend this
approach, finding a linear relation between the last three integrals, namely,
to determine how Iy(e,é,n) may be written out as a linear combination of Iy.
(e,é,n) and Ig+(e,é,n).

4. Elimination of the integral Iy(e,é,n)

We have already obtained the following relation between the
integrals Ix(e,é,n), Ip(e,é,n) and Ii(e,é,n) ([15], formula (57)):
4) [e + (n—1)é]lx(e,é,n) = (—e + né)ly(e,e,n) — [1 + e(e — é)li(e,é,n) .
To resolve the present problem, we begin with an another derivation
of the integral I(e,é,n). As before, we suppose that ne(u)[e(u) — é(u)] # 0 for
the considered value of u = In p. The particular cases, when this condition is
violated, will be considered separately. According to definition (3):

2n
(%) Ly(e,é,n) = {coszqo(l +ecosp)" [1+ (e —é)cosp] "V dp =
2n
= [(1 = sin*p)(1 + ecosp)" *[1 + (e — é)cosp] "V dp =
0
2n
= fo(l + ecosp)" 1+ (e—é)cosp]l " Vdp +

2n
+(e— &) Ising(1 + ecosp)" [1 + (e — é)cosp] "V d[1 + (e — é)cosp] =
0
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=Iy(e.e,n) — [n(e—é)]~ lzbfgin(p(l + ecosp)” 2d{[1 + (e — é)cosp] "} = To(e,é,n) —

2n
—[n(e—é)] '{ sinp(1 + ecosp)” *[1 + (e — é)cosp] " | —
0
2n
— Jcosp(1 + ecosp)" *[1 + (e — é)cosp] "dp +
0
2n
+(n—2)e] sin*p(1 + ecosp)" [1 + (e — é)cosp] "dp } = Iy(e,é,n) +
0

+ [n(e — é)] - I[nl + (e — é)cosp] cosp(1l + ecosp) ”*2[1 + (e — é)cosp]” (n+ l)d(p .

—(n—2)e[n(e—¢é)]" 1i[nl + (e — &)cosp](1 — cos’p)( 1 + ecosp)" > x
< [1+ (e —é)cosp]” " Vdp =Ty(e,e,n) + [n(e— )] 'Ti(e,e,n) + n 'T(ee,n) —

—(n—2)e[n(e—¢é)]~ li(nl - cosz(p)(l + ecosp) "’3[1 + (e — é)cosp]~ (n+ 1)d¢ .

2n
—(n=2)en " [(1 = cos*p)cosp(1 + ecosp)” *[1 + (e — é)cosp] " Vdp =
0
=To(e,e,n) + [n(e —€)] 'Li(e.e,n) + n 'Ty(eén) —
2n
—(n=2)e[n(e—¢&)] ' (1 + ecosp)" >[1+ (e —é)cosp] " Vdp +
0
2m
+(n—2)e[n(e — &)] 'Jcos*o(1 + ecosp)" *[1 + (e — é)cosp] " Vdp —
0
2n
—(n=2)en '[cosp(1 + ecosp)" *[1 + (e — é)cosp] ™ "+ Vdp +
0
2n
+(n—2)en '[cos’p(1 + ecosp)" *[1 + (e — é)cosp]” " Vdyp =
0
= Io(e,é,l’l) + [}’l(e - e)] - lll(eaéan) +n 112(eaé3n) - (I’l - Z)e[n(e - e)] - 110-(eaéan) +
+ (}’l - 2)e[n(e - e)] - 1[67 lIl(e5é9n) - 672 Iﬂ(eaé7n) + 672 IO-(eaéan)] -

— (n—2)en" l[ef 1Io(e,é,n) —-e lIo_(e,e',n)] +
+(n—2en '[e 'Lee,n) —e *Li(een) +e Tyeen) —e *Iy(een)].
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Computing of the last three integrals in the right-hand-side of the
above equation is expressed in the next three equalities:

2n
(6) 6[cosgp(l + ecosp)" [1 + (e — é)cosp]” " Vdp =

2n

=e 1,[(l +ecosp — 1)(1 + ecosp)" [1 + (e — é)cosp]™ " Vdp =
0

=e 1Io(€,é,7’l) —e 110_(€,é,n) 5

2n
@) (,)[coszgo(l +ecosp)" [1 + (e — é)cosp]” " Vdp =

2n
=e 'fcosp(1 + ecosp — 1)(1 + ecosp)” *[1 + (e — é)cosp] " Vdp =
0

=e 1Il(e,e',n) —e? Iy(e,é,n) + e ? Iy(e,é,n),

2n
(8) (,)[COSSgl)(l +ecosp)" [1 + (e — é)cosp]” " Vdgp =

2n

=e¢ 'fcos*p(1 + ecosp — 1)(1 + ecosp)" [1 + (e — é)cosp]” " Vdp =
0

=e 'Iyeé,n) — e *Li(ee,n) + e *Iy(eén) —e > lo(eé,n).

After some algebra, the expression (5) gives the following result for
the integral I(e,é,n):
) 1 'Leén)=(n—2)él —e))ne*(e—é)] Ty(e,én) +

+n 2 —(n—-2)é[e*(e—e)] '} Iy(e,é,n) +

+n f(e—e) '+ (n—-2)[e(e—e)] '} Li(e.é,n) .

Multiplying this equality by ne’(e — ¢), we shall obtain:

(10) (e —é)y(e,é,n) = (n—2)(1 — e))élp(e,e,n) + [2e*(e — €) — (n — 2)é]
Io(e,e,n) + [€° + (n — 2)eé] Li(e,é,n) .

This is another linear relation, which enables us (like the equality (4)) to
eliminate the integral I (e,é,n). We shall now check the validity of (10) in
the cases when the power #n, the eccentricity e(u) and its derivative é(u) may
vanish separately or simultaneously for some value u = In p — a situation
that was preliminary excluded in deriving of (10).
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4.1. Case n £ 0, e(u) = 0, e(u) — é(u) = 0 => e(u) = é(u) = 0.
The relation (10) can be written as the equality 0 = 0, i.e., it is right.

4.2. Case n £ 0, e(u) =0, e(u) — é(u) # 0 => é(u) £ 0.

The equality (10) becomes:
(11) 0= (n—-2)ely(0,e,n) — (n —2)ely(0,é,n) .

If n=2, (11) is trivially fulfilled. If n # 2, after the division of both
sides by (n — 2)é, we must prove that Iy.(0,é,n) = 1;(0,é,n). This was already
done earlier: see equalities (81) and (82) from paper [15].

4.3. Case n £ 0, e(u) £ 0, e(n) — é(u) = 0 => é(u) = e(u) £ 0.

We can write (10) in the following way:
(12) 0=(n-2)(1-e)ely(e,e = e,n)— (n—2)ély(e,e = e,n) + (n — ecly(e,é = en) .
Dividing by é # 0, we arrive at the next formula, which we must to
prove, in order to verify (10) in this particular case:
(13) (n—DeIi(e,e = e,n) = (n—2)ly(e,e = e,;n) — (n—2)(1 — e)y.(e,é = e,n) .
We directly compute that:

2n 2n
(14) Ii(e,6 = e,n) = [cosp(1 + e cosp)" *dp = [(1 + e cosp)" * d(sing) =
0 0
2n 2n
= sing(1 + e cosp)" > | + (n—2)elsin*p(1 + e cosp)" > dp =
0 0

Zn 2n
=(n=2)e (1 —cos*p)(1 +ecosp)" " dp= (n—2)e (1 +ecosp)" > dp ~
0 0

2n
— (n=2)Jcosp(1 + ecosp — 1)(1 + e cosp)" > dp = (n — 2)ely.(e,6 = e,n) —
0

2n 2m
—(n—=2) Jcosp(1 + e cosp)" ? dp + (n-2) [cosp(1 + e cosp)" > dp =
0 0
=(n—-2)elp(e,e =e,n)— (n—2)i(e,é =e,n) +
2n
+(n— 2)6_1,[(1 +ecosp—1)(1 +e COS(p)n_3 dp =
0

=(n—-2)elp(e,e =e,n)—(n—2)i(e,é =e,n) +
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2n 2n
+(n—2)671L(1 +ecos¢)"72d¢—(n—2)e’1£(1 +ecosp)" > dp =

=(n-2ely(e,6 = e,n) — (n—2)y(e.é = e;n) + (n—2)e 'Iy(e,é = e,n) —
- (n—2e 110_(e,e' =e,n).
Multiplying the both sides by e(«) # 0, we obtain the equality (13), and,
correspondingly, the linear relation (10) is proved.

4.4.Casen=0,e(u) =0, e(u) —é(u) =0=>e(u) = é(u) =0.

The equality (10) may be written as 0 = 0, and it is obviously
fulfilled.

4.5.Case n=0, e(u) =0, e(u) — é(u) #0 => é(u) £0.

Now (10) becomes:
(15)  0=-2¢lp(0,é ,0) + 2¢ Iy(0,é ,0) , or Iy.(0,¢ ,0) = Ly(0,é ,0) .

2n
This is true, because Io(0,¢ ,0) = J(1 — écosp)~'dp = Tp(0,6 ,0) .
0

4.6. Case n =0, e(u) £ 0, e(u) — é(u) = 0 => é(u) = e(u) £ 0.

The linear relation(10), which must be proved, in this case becomes:
(16)  0=—2(1 — &))élp(e,e = e,0) + 2¢lp(e,e = e,0) — e’Ii(e,é = ¢,0) .

We have already computed (formula (70) from [15], multiplied by —
¢*(u) # 0), that in this case we have:

(17) - Li(e.e = e,0) = e’ Iy(e,¢ = ¢,0) .

Taking into account that e(u) = é(u), we also compute (substituting
(17) into (16)):
(18)  —2(1 — eMely(e,é = e,0) + 2ely(e,é = e,0) + e’ Iy(e,é = e,0) =

= —2(1 - Melp(e,6 = ,0) + e(2 + e)y(e,é = e,0) .

For later purposes, we evaluate in an explicit form the integral
Iy(e,é = e,0), using the formula 858.538 from Dwight [16]:

2n
(19)  To(e.6 = €,0) = [(1 + ecosp) 2dp = 2a[(1 — (1 — ) V2! |
0
In the considered case, because é(u) = e(u), the integral Iyp(e,é = €,0) is a

function only on one independent variable, namely e. We shall differentiate
this integral with respect to e. Having in mind, that differentiation and
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integration are linear operations, which sequence of carrying out may be

interchanged, we write:

(20)  dIy(e.e = e,0)/de =(d/de)[2m(1 — &%) V] =3e(1 —&*) "2a(1 — &) V%=
=3e(1 - €*) 'Ty(e,e = e,0),

where we have applied the result (19). From the other hand:

2n 2n
(21) d Xo(e,é = e,0)/de = (d/de)|(1 + ecosp) *dp =—2 [cosp(1 + ecosp) > dp =
0 0
2n 2n
=—2¢ (1 + ecosp — 1)(1 + ecosp) > dp = —2e (1 + ecosp) *dp +
0 0

2n
+2e (1 + ecosp) P dp =—2e Ty(e,6 = e,0) + 2¢ 'Ty(e,é = e,0) .
0

Combining (20) and (21) gives:
(22)  —2e Ty(e,e =e,0) +2e To(e,e =e,0)=3(1 - €*)  'To(e,e = e,0) .
Multiplication by e(1 — ¢?) leads to:
(23)  [-2(1 - €% -3 Iy(e,e = e,0) = —2(1 — eD)p.(e,é = e,0) .
Another multiplication of the above equality by e(u) # 0 gives that:
(24) 2+ Dely(e.e = e,0) — 2e(1 — e)y(e,e =e,0)=0,
that means (taking into account the results(17) and (18)) that (16) is
true, and, consequently, the relation (10) is again proved.

4.7. Case n =0, e(u) #0, e(u) — é(n) £ 0.

The linear relation (10) takes the form:

(25)  Xe—é)y(e,e,0) =—2(1 — e)ély(e,e,0) + [2e°(e — &) + 2¢]Iy(e,é,0) +

+(e* = 2eé)I1(e,e,0) .

We again shall use the explicit analytical expressions for n = 0,
derived for the integrals Iy.(e,é,0), Iyp(e,é,0), Ii(e,e,0) and Ix(e,e,0) ([17],
formulas 3a), 3b), 3c) and 3h); see also formulas (48), (49) and (50)in the
paper [15]). According to the formula 3h) in [17], we are able to write for I,.
(e,,0) the following expression:

(26) Ip.(e,6,0) = A(e,6)[2(1 — €%)é] '{ (2€’ — e’ + 2¢ — 6e%¢ + 10e’¢ — 4ebé + 6eé® —
— 56 + 2% 1 —(e—¢)']1"*—2(e—¢)’(1 -7 ?},
where we have used the notation (47) from paper [15] for A(e,é):
(27)  A(e)=2me (1 -¢&) [1—(e—¢)] 2.
Taking into account the expression [50] from the same paper [15]:
(28)  Lee0)=A(ee){ (- 1+ +ed)l —(e—é)]"?+(1-e)V?},
we compute the left-hand-side of the relation (25), which we intent to prove:
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(29)  Ee—o)y(e,e,0) =eXe—e)d(e,e){(— 1+ +eé)[l —(e—e) ]2+ (1-eD) ¥ =

=A(e)f{ (- +e&+efe -2l +(e—e) ]V +ee—e)(1-e)V?}.
Now we begin to evaluate the right-hand-side of (25). That is:

(30) —2(1 —e))elp(e,6,0) + [2e%(e — &) + 2€]Ig(e,6,0) + (e — 2eé)]y(e,é,0) =
= A(e,6){ (2&° —4¢’ + 2¢’ — 6e%¢ + 10e’e — 4e®e + 6eé” — 5¢°6” + 2e°¢%) x
% [1 _(e_e-)z] 1/2_2(e_ 6)3(1 _ 62)5/2 } +
+A(e, é)[2¢%(e — &) + 2é]{ eé[1 — (e — é)*] "2 —e(e — &)(1 — N1 — (e — &)1 * +
+ (e_é)z(l —62)3/2 } +
+A(e,e)e* —2eé){ (e—é—e)1—(e—e) ] —(e—e)(1—e)P? Y=
=A(e,6){ (- 2&° + 4e’ — 2¢” + 6e%¢ — 10e*¢ + 4e%6 — 6e6® + 5¢°¢* — 2e°¢?) x

X [1—(e—e&) 1"+ (2e® — 26° — 6% + 6¢%¢ + 6e¢” — 6¢°¢* — 26> + 266 (1 — ) ¥ 2 +

+ (2e*e +2e* — 2’1 - (e— )]V +
+(2e’ =2 —26% + 6¢"e — 4e% + 2e6” — 4e’6* + 2°7)[1 — (e — €)*] V2 +
+(26° +2e% — 6e*e — 4ed® + 6 +26° — 267 (1 — D) 2 +
+(&— &’ —3e%e +2e6” +2e6)[1 — (e —e)] 2+ (— & + 3’6 — 2e6”)(1 — ) V2 } =
=A(e,e){ (- + -+ )1 —(e—e) ]V + (- )1 —eH) P2} .

This coincides with the right-hand-side of (29). Consequently, the
relations (25) and (10) are proved also for the case n =0, e(u)# 0 and e(u) —
é(u) #0.

To summarize the situation, we note that we have two linear
relations between the integrals Ir(e,é,n), Ii(e,é,n), Io(e,é,n) and Ip.(e,é,n),
namely, the equalities (4) and (10). They are both valid for arbitrary
integer/noninteger powers n (we consider physically reasonable values of n
between — 1 and + 3), arbitrary values of the eccentricity e(u) (provided that
le(u)| < 1) and its derivative é(u) (provided that |e(u) — é(u)| < 1). To proceed
further, we shall multiply (4) by e*(e — ¢) and also multiply (10) by [e + (n —
1)é]. The result is the following:

(B1)  eXe—é)e+ (n—1élly(e,e,n) = e*(e —é)(— e + né)ly(e,e,n) —
—Xe—@é)[1 + e(e—&)Li(e,e,n) =[e + (n— 1)é](n — 2)(1 — &))ély(e,6,n) +
+[e+ (n—1)é][2¢°(e — &) — (n — 2)é]ly(e,é,n) +
+ e+ (n—1)é][e* + (n—2)ee]ly(e.é,n) .

The second equality in the above expression gives, in one’s turn, a
new linear relation between the integrals I1(e,é,n), Iy(e,é,n) and Iy.(e,é,n):
(32) e[~ 2e* — &' + (= 2n + 4)eé + 2e°¢ — (n — 1)(n — 2)é* — &*¢* (e, é,n) =

=(n—2)[e¢ —e’¢ +(n—1)é* — (n — 1)e*¢*My(e,é,n) +
+[3e* = (n—2)eé + (n—5)e’é — (n— 1)(n —2)é* — (n — 2)e*e*y(e,é,n) .
The derivation of the above result (32) supposes that the both
multipliers e(e — €) # 0 and [e + (n — 1)é] # 0. As already investigated above,
the vanishing of these two multipliers does not invalidate the relations (4)
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and (10). Their left-hand-sides will be simply equal to zero. We stress, that
our purpose in this section 4 is to eliminate the integral Ip(e,é,n) by means of
the establishment of linear relations between Iy(e.é,n), Io.(e,é,n) and
Io+(e,é,n). Just from this point of view, we shall consider the particular cases
e(e —é) =0 and [e + (n — 1)é] = 0. Firstly, we shall resolve the problem
namely for these two particular cases and, after that, we shall return to the
equality (32).

4.8.1. Case e(u)|e(u) — é(w)] = 0, [e(u) + (n — Dé(m)] =0, é(u) # 0.

The relations (4) and (10) take the forms (having in mind that
—e=(n-1)é):
(33) 0=2n - 1)ély(e,e,n) —Ii(ee,n), or Ii(een)=(2n— 1)ély(e,é,n),
(B4)  0=mn—-2)(1 - e)eély(e,e,n) — (n—2)ely(e,e,n) + [e* + (n — 2)eé]ly(e,é,n).
Combining the above results (33) and (34), we obtain:
(35) [(n—2)é—(2n—1)e*é¢ — (2n— 1)(n—2)ee’My(e,e,n) = (n — 2)(1 — e>)ély.(e,é,n).
As already mentioned above, — e = (n — 1)é for this particular case, and
we are able to write (35) as:
(36)  é[(n—2)—(n—1)2n—-1)ely(e,e,n) = (n—2)(1 — e*)ély(e,é,n).
If é(u) = 0, this equality cannot be used for determination of Iy(e,é,n).
But if é(u) # 0, (which is the situation in our case !), we have:
(37) [(n-2)—(n—1)2n-De*My(e,é,n) = (n— 2)(1 — eDo(e,é,n) .
(2)f course, (37) may be useful only if the multiplier [(n —2) — (n — 1)(2n
-1e1#0.
It is worthy to note, that in the present case, which we consider, the left-
hand-side of the relation (79) from paper [15]:
(38) 2e(e —é)li(e,e,n)=(n—2)e—e)( 11— ez)Io_(e,é,n) +
+(n+ De[(e — é)* — 1Ips(e,é,n) + [3e + (n — 2)é]Ly(e,é,n)
is also equal to zero. This provides another possibility to exclude the
integral Ig(e,é,n). That is:
(39) [3e + (n—2)é]ly(e,e,n)=—(n—2)(e—é)1l — ez)Io_(e,é,n) +
+(n+ De[l — (e —é)*] Lps(e,é,n) .
Taking about the present particular case, the equality e(u) = — (n —
1)é(u) we express (39) in the form:
(40) 2n — Deély(e,e,n) =— (n —2)né(1 — e)y(e,é,n) +
+(n—1)n+ Dé(l — n*e®) I(e,e,n) .
If é(u) = 0, this equality cannot be useful for the determination of
Iy(e,é,n). But if é(u) # 0, we have:
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41) (2n — Dly(e,é,n) =—n(n —2)(1 — eg(e,e,n) + (n — 1)(n + 1)(1 — n?e) Ips(e,é,n) .

If(2n—1)=0 (i.e., n = 1/2), we are not able to eliminate the integral
Iy(e,é,n), using the above relation (41). But nevertheless, [(n — 2) — (n — 1)
2n — 1)é] =n—2=—3/2 #0, and we may then use (37) to eliminate
Iy(e,é,n). Consequently, if é(u) # 0, the linear relations (37) and (41) ensure
the elimination of Iy(e,é,n) in the case 4.8.1, which particular case implies
e(u) =— (n— 1)é(u). We strongly emphasize, that the later equality must not
be considered, in general, as a first order ordinary differential equation for
the eccentricity e(u), whose solution is e(u) = constant x exp[ — (n — 1) 'u].
Though such a situation may be (in principle) a subject of special
investigation. In the present paper, we limit our computations only to
concrete values u = In p of the focal parameter p, which are able to cause
troubles (e.g. singularities) in the derived by us linear relations between the
seven integrals Io.(e,é,n), lo+(e.é,n) and Ij(e,é,n), (j = 0,1,...,4) (see formulas
(1), (2) and (3) ). We do not expect that these divergences do scope the
whole range of the accretion disc. Such a pathological situation would imply
that the accretion disc model itself is very wrong. So, we consider the
possible “singular values” of the independent variable u = In p as isolated
points or “small” (in some sense) intervals, which do not determine the
global structure of the accretion flow.

4.8.2. Case e(w)]e(n) — é(w)] = 0, [e(u) + (n — Dé(u)] =0, é(u) = 0.

To conclude the considerations in the paragraph 4.8, we return to the
case é(u) = 0. By the hypotheses of this paragraph, é(u) = 0 implies also that
e(u) = 0. But the situation is now very trivial, simply because

2n
14(0,0,n) = J. dop = 2r. There does not arise the necessity to represent
0

the integral Iyp(0,0,n) by means of a linear combination of the integrals
14.(0,0,n) and Iy+(0,0,n). It is worthy to note, that in the limits e(x) — 0 and
é(u) — 0, the relations (37) and (41) (depending on the condition n = 1/2 or
n # 1/2, correspondingly) give the same value 2z for I4(0,0,n), although they
are derived under the assumption é(u) # 0. That is an indication for a
continuous transition of the values of Iy(0,0,7) through the “singular” value
é(u) = 0. We shall not handle here in a strict mathematical manner this
circumstance. Out goal is to prove that the integral 1yp(0,0,7) is possible to be

48



removed from the dynamical equation ([15], equation (4)) of the accretion
disc.

4.8. Case e(u)[e(u) — é(u)] = 0, [e(w) + (n — Dé(u)] £ 0.

We shall prove now that under the above conditions é(u) cannot be
equal to zero. If we suppose the opposite, namely that é(u) = 0, then from
the second condition [e(u) + (n — 1)é(u)] # O it follows that e(u) # 0. But
from the first equality we have e(u) — é(u) = 0, or e(u) = 0. We obtain a
contradiction. Hence, é(u) # 0. We shall consider the following subclasses:

4.9.1. Case e(w)[e(u) — é(u)] = 0, [e(n) + (n — Dé(u)] £ 0, e(u) = 0.

From [e(u) + (n — 1)é(u)] # 0 it follows (n — 1)é(u) # 0. We already
just proved that é(u) # 0. Consequently, n # 1, otherwise this case 4.9.1 will
be inconsistent. The relation (10) reduces to (11) and if n # 2, after dividing
the both sides of (11) by (n — 2)é, the result is Iy(0,e,n # 1, 2) = 1.(0,é,n # 1,
2). In the case n = 2, we have

2n
19(0,¢,2) = I (1 — écosg) > dp =15.(0,¢,2). Therefore, for all admissible n
0

(i.e., n # 1) we again obtain the equality
42)  Iy0,e,n#1)=1p(0,6,n#1).

4.9.2. Case e(w)[e(u) — é(w)] = 0, [e(n) + (n — Dé(u)] £0, e(n) 0.

If e(u) # 0, it follows that e(u) = é(u) # 0. The second condition
implies that né(u) # 0. Consequently, we must reject the value n = 0,
otherwise the case 4.9.2 will be inconsistent. Direct computation shows
that:

2n
43) Iylee=en+0)= I(l +ecosp)" 2 dp =Tps(e,e =en#0),
0

according to the definitions (2) and (3). Of course, the equality
Iy(e,é = e,n) = Ipi(e,é = e,n) is also true for n = 0, out of the considered
present case.

The above analysis again demonstrates the possibility to express the
integral Iy(e,é,n) in terms of the integrals Iy.(e,é,n) and Igp+(e,é,n), without to
put in use the earlier eliminated integrals Ij(e,é,n) (j = 1,2,3,4).
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4.9. Case e(w)|e(m) — e(@)] £ 0, [e(u) + (n — Dé(u)] = 0.

The above conditions impose two restrictions over the power 7 in the
viscosity law 7= 2". From the second equality [e(u) + (n — 1)é(u)] = 0 it
follows that:

(44) e(u) — é(u) = —né(u) .

If n = 0, this will vanish the difference e(u) — é(u), in contradiction to
the hypothesis that e(u)[e(u) — é(u)] # 0. Moreover, if n = 1, the second
equality also will imply that e(u) = 0, again in contradiction to the first
requirement. The equality (44) also imposes the requirement é(u) # 0, to
avoid vanishing of the difference e(u) — é(u). Therefore, to avoid
inconsistency of the case 4.10, we must preliminary exclude the
possibilities that some of the equalities n» = 0, n = 1 and é(u) = 0 (or
combinations of them) are appearing. In our consideration, two different
subclasses must be investigated separately.

4.10.1. Case e(u)[e(u) — @) £ 0, [e(u) + (n —1)é(w)]| =0, n £ 1/2.

To establish a linear dependence between integrals Iy.(e,é,n),
Ip:+(e,e,n) and Iy(e,é,n), we shall use the relations (4) and (38), which we
have already proved to be valid for arbitrary integer/noninteger powers
n(=1<n<+3),e(u) (le(u) < 1) and é(u) (le(u) — é(u)| < 1). In the present
case [e(u) + (n — 1)é(u)] = 0, i.e., the left-hand-side of (4) is equal to zero.
Multiplying (4) by 2e(u)[e(u) — é(u)] # 0, we obtain:

(45)  2e(e—é)(— e+ né)ly(ee,n) —[1 + e(e—é))2e(e — é)ly(e,e,n) =

=2e(e — é)(— e + né)ly(e,e,n) — [1 + e(e — €)](n — 2)(e — é)(1 — e)o.(e,é,n) —

—[1 +e(e—é)](n + De[(e — é)* — 1]Iys(e,é,n) —

—[1+ e(e—é)][3e+ (n—2)é|ly(e,é,n) =0,
where we have applied the equality (38). After some algebra, the second
equality may be transformed to the next form, representing the linear
dependence between Iy(e,é,n), Ip(e,é,n) and Igi(e,é,n), which we are
searching for:

(46)  [3e+5e + (n—2)é—(n+7)e%e+ (n+2)ee | y(e,é,n) =
=(m-2)(—e+e +é+e%e—2e'6— e’ +N(e,6,n) +
+(n+ 1)(e—e +e%e+3e'e —ee” — 3’6" + &%) pi(e,é,n) .

It is useful to rewrite the relation (45) into another (equivalent to
(46))form, which will allow us to reveal more clearly the conditions, making
possible to eliminate Iy(e,é,n) using (45). For this purpose, we employ that
under the hypothesis, valid for the considered case 4.10, [e(u) + (n — 1)é(u)] = 0.
Consequently, we can rewrite (44) in an equivalent form:
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(47) ew)=—m—-1é(m), or —e(u)=m-1)eu),
in order to eliminate e(u) from (45), obtaining for analysis a more simple
expression. The result is:
48)  (2n—1)é[1 + 3n(n — 1)é*y(e,é,n) =
—n(n="2)é[l + n(n—1)e’][1 — (n — 1)’ Mo-(e,é,n) —
— (n* = e[l + n(n — Dé*|(n*e* — Dlys(e,é,n) .

Clearly, é(u) cancels out (we have already shown at the beginning of the
case 4.10, that é(u) cannot be equal to zero). It is also evident that (48)
cannot be useful if n = 1/2, because its left-hand-side is then equal to zero;
for this reason, we supposed in the hypotheses of the subclass 4.10.1 that »
# 1/2. It remains to check is it possible that the third multiplier in the left-
hand-side of (48) may happen to be zero for the given value of the argument
u=lnp,ie.:

(49)  1+3n(n-1)w)=0 <=> 3 un’ -3 wn+1=0.

From the above equality it is obvious that n(n — 1) < 0, i.e., the
multipliers n and (n — 1) have opposite signs (remember that n # 0, 1/2 and
+ 1). Let us consider the two alternative possibilities:

(1)n<0& (n—-1)>0. =>We obtain a contradiction, because it
is impossible to have simultaneously n <0 and n > + 1.

(i1)n>0& (n—1)<0 =>0<n<+ 1. Taking into account that n
# 1/2, we conclude that n belongs to the union of the open intervals
(0,1/2)U(1/2,1) if the equality (49) holds. We shall use the positivity of # in
the deriving of the next inequalities.

Having in mind the equalities (44) and (47) (valid for the case 4.10),
and the restrictions |e(u)| < 1 and |e(u) — é(u) | < 1 (valid for any value of u),
we are able to rewrite them in the following way:

(50)  nlew)| <1,
S (A-n)lem)|<1.

Summation of these two inequalities immediately gives:
(52)  lé(w)<2.

Let us consider (49) as a quadratic equation for the power n. The
discriminant of this equation is:

(53) D =9¢'(u) - 126*(u) = & w)[9 - 12¢ *(u)] .

We are seeking only for real solutions of the equation (49), which
means that D > 0. Therefore:

(54)  Ew)=43 = |éu)|=2\3>1.

Combining (52) and (54) leads to the limitations:

(55)  1<2A3<l|é(u)<2.
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The two solutions of the equation (49) are:
(56)  mip=(66") "6+ D).

Strictly speaking, the value n = +1 is already excluded and the
discriminant D must be positive. Correspondingly, (55) has to be corrected
as 2/\3 < |é(u)| . Moreover, n belongs to the union (0,1/2 YU(1/2,1), and if
we choose in (56) the sign “+”, the solution for n will be greater than +1. To
avoid the contradiction, we must select the sign “—*. Then the solution of the
equation (49) is:

(57) n=1-[1/4-3eH)"1"?2.

Obviously, n < +1, and the condition n > 0 is also satisfied, because
¢~ %> —9/4 It seems that there is a possibility to exist a relation between
é(u) and the power n belonging to (0,1/2 )U(1/2,1) , namely, the equality
(57), which implies nullification of the multiplier [1 + 3n(n — 1)é*(u)] in the
linear relation (48). We shall now show that such a possibility, in fact,
cannot be realized. Let us accept that the equality (49) is realized. We
compute the common factor [1 + n(n — 1)é*(u)], which presents in the both
terms in the right-hand-side of (48).

(58) [l +n(n-1)ew)]=[1+3nn—1)éu)] —2nn—1)é* =—2n(n—1)é* £0,
because n # 0, +1 and é(u) # 0. Then the equality (48) takes the form (under
the condition (49) ):

(59)  0=—n(n-2)[1-(n-1)2(e.e,n)— (n* — D)(n*e* — Dlgs(e,é,n),
where a cancellation by é[1 + n(n — 1)é*] # 0 is performed. Expressing é*(u)
through the power n, using again (49), we have:

(60) é*(w)=—[3n(n—1)]" ', (remember that in the considered case n
belongs to the union of the open intervals (0,1/2 )U(1/2,1) ).

Substitution of this equality into (59) leads to:

(61) (n—2)4n— Dlp(e,é,n) + (n+ 1)(—4n + 3) Ip+(e,e,n) =0

At the present stage we shall use a result, which will be proved in a
forthcoming paper; namely, the integrals Iy.(e,é,n) and ly+(e,é,n) are linearly
independent functions on e(u) and é(u). This is the reason, for which we
prefer to eliminate the integrals I4(e,é,n), Ix(e,é,n), Ii(e,é,n) and Iy(e,é,n)
from the dynamical equation ([15], equation (4)) of the accretion disc, and
to remain the integrals Ip.(e,é,n) and Igp+(e,é,n). The situation with the
integral Iz(e,é,n) is at present unclear. The linear independence between
Iy(e,é,n) and Ip+(e,é,n) implies that the coefficients before these two
integrals in the linear relation (61) are identically equal to zero:

(62) n—2)4n—-1)=0 = n=1/4,becausen +2,
63) (+1)(—4n+3)=0.
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From the later equation (63) we have two different possible solutions:
(1) n = — 1, or (i1) n = 3/4. Both they contradict to the solution n = 1/4,
implied from (62). But (62) and (63) must hold simultaneously.
Consequently, this controversial situation means that [1 + 3n(n — 1)é°]
cannot be equal to zero for any value u = [n p and the possible relation
between n and é(u), admitted by the equality (57) also cannot be realized.
As a final result, we conclude that (2n — 1)é[1 + 3n(n — l)éz] # 0. This closes
the consideration of the case 4.10.1.

4.10.2. Case e(u)[e(u) — é(w)] £0, [e(u) + (n —1)é(u)] =0, n =1/2.
We directly compute from the definition (3) (for j = 0) that:

2n
64)  Iyfe=(1/2)é,6,1/2] = { [1—(n— Décosp] > *(1 — nécosp) > * dop =

2n
= _[[1 — (é*/4)cos’¢] -2 dp>0,
0

where we have used that for n = 1/2 we have e(u) = (1/2)é(u) (formula (47))
and (e — é) = —né(u) = — (1/2)é(u) (formula (44)).

It is known from the analysis, that the definition of the complete
elliptic integral of the second kind E(A) is given by ([16], formula 771.):

2n
65)  E(/2, k) =E() = Z)[(l _ Rsin’o) 2 dg .

The condition (55) ensures that (¢*/4) < 1 and then:
66)  Tole=(1/2)é,6,1/2] =2[1 — (e*/4)] 'E(é*/4) +

+2[1 - (&/4)] "PE{- (/H)[1 - (¢¥/4)] " > 2.

We only among the other things show the above formula, in order to
manifest the existence of an explicit analytical expression for the integral
Io[e = (1/2)é,é,1/2]. We shall not perform here the derivation of the relation
(66). It turns out, that just this result goes to be of use. In fact, the
hypotheses, made in the subclass 4.10.2., leads to the conclusion that the
investigated relation (48) simply transforms to the identity 0 = 0 if n = 1/2
and e(u) = (1/2)é(u). Thus, in the considered case, it becomes useless for the
determination of Ig[e = (1/2)é,é,1/2]. To see this, let us evaluate the linear
relation (48) (preliminary canceling out the multiplier é(u) # 0) in the case
when n =1/2:
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67)  0=3/4)[1 - (1/4)e T Io(e,6,1/2) — (3/4) )1 — (1/4)é* ps(e,6,1/2) .

The second inequality (55) |é(u)] < 2 allows to cancel out the
multiplier (3/4)[1 — (1/4)é*]* # 0. Taking into account (47) for n = 1/2 (i.e.,
e(u) = (1/2)é(u)), we rewrite (67) as:

(68)  Iofe=(1/2)¢, ¢, 1/2] =2(I)7f1 — (é44)cos’p] Y1 + (1/2)écosg] 'dp =

27
=[[1 = (¢/4)cos’p] **[1 — (112)écosp] 'dp = Ipe = (1/2)é,6,1/2].
0

The above result can be also checked if we compute the difference:
(69)  Iole=(1/2)é,e,1/2] — Ips[e = (1/2)é,6,1/2] =

2n
=— e',[cosgo[l — (é4)cos’p]” S 3dep = 0.
0

The later equality is evident from the fact that cos(z + ¢) = — cosp.

We conclude with the investigation of that particular case,
corresponding to the nullification of the factorized multiplier e’(e — é)[e +
(n — 1)é]. Now we return to the linear relation (32), which is useful under
the condition e*(e — é)[e + (n — 1)é] # 0. In order to obtain the factor 2e(e —
é)li(e,e,n), we multiply (32) by 2(e — é). In this way, we shall get as a factor
the left-hand-side of the relation (38), i.e. we use (38) to eliminate the
integral Ij(e, é, n). The final result is a linear relation only between the
integrals Iy(e,é,n), ly.(e,é,n) and Ip(e,é,n):

(70) [ 26" — '+ (= 2n + 4)eé + 2¢°¢ — (n — 1)(n — 2)é* — €*6*] x
X (n-2)(e — é)(1 — eMy(e,é,n) +
+[-2e8 =€t + (= 2n+4)ee + 2% — (n— 1)(n—2)é* — 6] x
x e(n+ D[(e—é)* — 1ys(e,e,n) +
+[-2e"— et + (= 2n+4)ee + 2% — (n— 1)(n—2)é* — 6] x
[Be + (n—2)é]ly(e,é,n) =
=2(n-2)(e—é)[ee — ¢ + (n— 1)é* — (n — 1)e*e*y.(e,6,n) +
+2(e—é)[3e" = (n—2)eé + (n—5)e*é — (n— 1)(n —2)é* —
—(n—2)e*eMy(e,é,n) .

After some algebra, the above equality may be put into a form,
which represents Iy(e,é,n) as a linear combination of the integrals Iy.(e,é,n)
and Iy+(e,é,n):
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(71)  [6€° +9€° + 6(n —2)e*¢ + 3(n — 8)e*e + 3(n— 1)(n — 2)ee” — 3(2n — T)e’é* +
+n(n—1)(n-2)¢ +3(n—2)e*¢ Me,e,n)=(n-2) -2+ +e' —2(n—2)e%e +
+@2n—1)e'e —3e% + (— n* + 3n—2)eé* + (n* — 3n — 1)e’é* + 3¢°¢* + n(n — 1)é* +
+(nt+n+ e — 'S lp(e.en) + (n+ 126 — & — e’ +2(n—2)e%e -
—2(n-23)e*é+4e%+ (n—1)(n—2)eé* + (—n*+Tn—11)e’e* — 6e°¢* +
+2(n -2y’ +4e*¢® — (n— 1)(n — 2)ee* — &é*yi(e,6,n) =
=(n-2)(1 - e—eé)[-2¢"—e' —2(n—1)eé +2e°¢ — n(n — 1)é* — &2¢*|Iy.(e,é,n) +
+(n+ D[l —(e—é)e[2¢* + &* + 2(n —2)eé — 2% + (n — 1)(n — 2)é* + €%é*] x
x Tp+(e,é,n).

This is the linear relation for which we are seeking. Clearly, it may
be relevant to the problem of the elimination of Iy(e,é,n), only if the
multiplier before this integral is different from zero. The investigation of the
case when this does not happen is much more complicated than the situation
with the other integrals. We shall not investigate in the present paper the
possible ineligibility to apply formula (71). We only illustrate graphically
(Fig. 1) for two concrete numerical values of the power n (n = +2.4 and n =
— 0.4) that such a trouble really exists.

0
DO (n=+2 . 4)

Fig. 1. Two graphics of the coefficient Dy(e,é,n) = 6¢> + 9¢° + 6(n — 2)e’é + 3(n — 8)e*e + +
3(n—1)(n—2)eé” - 32n —7)e’e* + n(n — 1)(n —2)é* + 3(n — 2)e*é’ for two different
(arbitrary chosen) values of the power n; top: n =+ 2.4 and down: n = — 0.4. Both e(u) and
é(u) take values from —0.99 to + 0.99 .

5. Conclusions and comments

The last paragraph 4 of the present investigation, in combination
with the results in the earlier paper [15], clearly demonstrate that between
the seven integrals Ix(e,é,n), (k = 0-, 0+, 0, 1, 2, 3, 4) exist linear relations,
which ensure the opportunity to eliminate four of them in the dynamical
equation ([15], equation (4)), governing the space structure of the stationary
elliptical accretion discs, according to the model of Lyubarskij et al. [7].
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More concretely, we are able to express the integrals I4(e,é,n), Ix(e,é,n),
Ii(e,é,n) and Iy(e,é,n) only by means of the integrals Iy.(e,é,n) and Iy+(e,é,n)
(see definitions (1), (2) and (3)). It turn outs, that the later two integrals I.
(e,é,n) and Ip+(e,é,n) are linearly independent functions of the eccentricity
e(u) and its derivative é(u) = de(u)/du for each orbit of the disc particles.
This statement is quoted in advance and its proof will be given in a
forthcoming paper. In such a way, the dynamical equation may be set free
from some of the above cited integrals, appearing as a consequence of the
azimuthal-angle averaging under the derivation of the dynamical equation in
the research of Lyubarskij et al. [7]. This gives some simplification of this
equation and may be eventually useful for a finding of its solution by means
of analytical methods. Concerning the integral I3(e,é,n), until now, we are
not in a condition to eliminate it through the other integrals, using only
linear relations. The availability of a linear dependence or independence
between Iy(e,é,n), Ip+(e,é,n) and I3(e,é,n) will be a subject of a forthcoming
analysis. It also remains to establish the utmost limits, under which we shall
be able to attain, in our attempts to solve the dynamical equation of the
elliptical disc by purely analytical methods. It is possible that this approach
may turn out to be only partially successful. We hope that even in this less
optimistic situation, the obtained analytical results will be useful for the
more clear interpretation both of the intermediate calculations and the
further necessary numerical simulations, leading to the finding of the final
solution itself. Most probably, (and unfortunately), it seems that our
simplifications of the dynamical equation, governing the space structure of
the stationary elliptical discs ([15], equation (4) and references therein), will
be relevant essentially only to the model of Lyubarskij et al. [7]. Other,
much more complicated, and more realistic model of elliptical accretion
discs, is developed by Ogilvie [18]. There are considered complex-valued
eccentricities of the particle orbits. This mathematical approach allows to
overcome the restriction of orbits sharing only a common longitude of
periastron (i.e. all apse lines of the orbits are in line with each other), which
limitation is an essential feature of the examined by us model of Lyubarskij
et al. [7]. Unlike the later 2-dimensional analytical simulation, in the full
model of Ogilvie ([18], section 3), the basic equations, governing the fluid
disc, are written in 3 dimensions. In the case of elliptical discs of Lyubarskij
et al. [7], the structure of the accretion flow is prescribed by one ordinary
differential equation, while in the paper of Ogilvie ([18], section 4.4) a
system of four ordinary differential equations must be solved. We have to
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take into account, that the theory, presented in [18], goes considerably
beyond the previous analytical treatments of the eccentric discs.
Consequently, we have to expect that the mathematical treatment of the
problem will require (in principle) more complicated ways, in order to solve
the structure and the dynamics of the elliptical discs. Of course, resolving
the more simple case, described in [7], we hope that at least some of the
established properties will be presented also (in some sense) in the real
discs, observed in the nature. It will be also useful even for the process of
formulation of the more realistic accretion discs models, approaching the
characteristics of these objects, investigated by the methods of the
observational astronomy. It is clear, that including the considerations of new
details or more precisely described processes (for example, including the
vertical motions in the disc), will give a better agreement between the
theories and observations. But working out of models, like that of
Lyubarskij et al. [7], which are not very much appropriate to approximate
the really existing accretion flows, indicated by the astronomical
observations, is nevertheless an unavoidable step in the direction of their
more complete and perfect understanding.
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ThbHKU BUCKO3HU EJIMIITUYHU AKPELITMUOHHU IMCKOBE
C OPBUTHU, UMAIIIA OBIIA IBJKUHA HA TIEPUACTPOHA.
VI. OITPOCTABAHE HA JUHAMHUYHOTO YPABHEHHUE

. lumumpos

Pe3ome
Hue mpombsmkaBaMe cepusita OT CTaTUH, TIOCBETEHU HA M3CJICABAHETO
U OINpPOCTSIBAHETO HA AMHAMUYHOTO YpPaBHEHHUE, ONPEIEISIIO CTPyKTypara
Ha CMayuoHapHume eITUNITHYHU aKPEIIMOHHU AUCKOBE. Te3n MpoyyuBaHus ca
B paMKHUTE, OmpeiesieHn OT Mojena Ha JlroGapcku u ap. [7]. B nobaBka kM
MPEANIIIHATE TPOyYBAHUS, HUE HaAMUpaMme OIle €Ha 3aBUCUMOCT MEXKITY
Koe(UIIMEHTUTE Ha TOBA OOMKHOBEHO NU(EepeHIINATHO YpaBHEHHE OT BTOPHU
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pell, KOeTo HH JlaBa Bb3MOXKHOCT Ja €IMMHUHUpPaMe e(EeKTUBHO Hail-Maiko
yeTHpH OT TAX. ToBa e B Kypca Ha HallMs MOAXO0/ Ja HaMalluM Oposi Ha Te3U
(GyHKUMH, 3aBHUCEIIM OT EKCLUEHTPHULUTETa, HEroBaTa IPOM3BOJHA U
CTETIEHHHS TI0Ka3aTell 1 B 3aKOHa 3a Buckosura § = B X ". Te ce mosiBsABar B
yYpaBHHUETO B TEUYEHHWE Ha I[poleca Ha ycpegHsBaHe (T.e., IpHU
MHTETPUPAHETO) MO a3UMYyTaJHHUS bBIbJA Ha enuntuyHuTe opOutu. Ha
CEeralHus CTaAuM Ha U3CJIEIBAHMATA, OCTaBaT BCE OILE€ TPU HMHTErpaia oT
ykazanus Tuil. C U3KII0YEHUE Ha Cllydyasl Ha LEJIOUUCIIEHU CTOMHOCTH Ha M,
TEXHUTE AHAJUTHUYHU PEIICHUs HE ca M3BECTHU. BBB Bpb3Ka c JIMHEHHaTa
3aBUCHUMOT WJIM HE3aBUCHUMOCT Ha Te3u (yHKUMU (TOBa € IpeaMeT Ha
HamuTe OBACHIM NMPOYYBaHUS), JUHAMUYHOTO ypaBHEHHUE HA €MNTHUYHHUTE
AKpPELIMOHHU JIUCKOBE MOXKE€ Ja ObJe pa3leNeHO Ha €JHa CUCTeMa OT
CbOTBETCTBall  Opoil  MO-IPOCTH  ypaBHEHHST 32  HEU3BECTHHUTE
eKCLUEHTPULIUTETH Ha OpOUTHUTE HA YacTULUTE. TakbB €AMH MOJIXOJ € B
CHOTBETCTBUE C HalllaTa OCHOBHA JIMHHUs, IPEKapBaHa IIPe3 CIIOMEHaTaTa
cepus OT CTATHH, J1a CE€ IOCTUTHE KOJIKOTO C€ MOXE IO-TOJIIM IPOrpec B
pelIaBaHeTO Ha 3ajadara ¢ IOMOIITA Ha wucmo auaiumuynu metogu. U
caMO KOraTo MO-HaTaTBIIHUAT HaNpeIbK MO TO3U CHocod (ako KpaiHOTO
pelleHre He € Beue JIOCTUIHATO) CTaBa TOJKOBA CIIOKEH, Y€ Ce OKa3Ba B
0e3M3XOAHO MOJOXKEHHE, YaK ToraBa Ja C€ U3MO0I3BaT YHCJICHUTE
MOJICTIUPAHUS.

59



